Abstract. We prove that a family of meromorphic mappings from a bidisc to a compact complex surface, which are equicontinuous in a neighborhood of the boundary of the bidisc, has the volumes of its graphs locally uniformly bounded.
Introduction.
In this paper we study the equicontinuity properties of meromorphic mappings with values in compact complex surfaces. Let D r be disk of radius r in C, D := D 1 , D 2 r the bidisk of radius r of center 0 in C 2 . Given 0 < r 1 < r 2 , R 2 (r 1 , r 2 ) denotes the crown D 
where 0 < ǫ < 1. The main result of this paper is the following.
Theorem 1. Let F be a family of meromophic mappings from D 2 to a compact complex surface X. Suppose that there exists ǫ > 0 such that every f ∈ F is holomorphic on the Hartogs figure H 2 ǫ ⊂ D 2 and F is equicontinuous on H 2 ǫ . Then for every 0 < r < 1, there is a constant C r such that
2)
for every f ∈ F .
Here Γ f denotes the graph of f . Recall that a meromorphic mapping f between complex manifolds Y and X is defined by its graph Γ f , which is an analytic subset of the product Y × X, satisfying the following conditions:
1. Γ f is a locally irreducible analytic subset of Y × X; 2. The restriction π|Γ f : Γ f −→ Y of the natural projection π : Y × X −→ Y to Γ f is proper, surjective and generically one to one. A family F of mappings Y −→ Z, where Y and Z are metric spaces, is called equicontinuous if for every ǫ > 0, there is δ > 0 such that dist (f (z), f (w)) < ǫ for every f ∈ F and dist(w, z) < δ.
One of the main ingredients of the proof of Theorem 1 is the following result.
Proposition 1. Let F be a family of meromophic mappings from D 2 to a compact complex surface X. Suppose that there exists ǫ > 0 such that every f ∈ F is holomorphic in R 2 (1−ǫ, 1) and the family F is equicontinuous on R 2 (1−ǫ, 1). Then there exists a constant
In [Iv1] the notions of weak and strong convergence of sequences of meromorphic mappings were introduced. We recall them in section 4 and prove the following.
Proposition 2. If X is a non-projective compact complex surface, then every weakly convergent sequence of meromorphic mappings from a bidisk to X converges strongly.
Remark 1. 1. Remark that neither Theorem 1 nor Corollary 1 follow from the Oka-type estimates proved in [F-S] . The reason is that to estimate the volume of Γ f one needs, in particular, to estimate the integral X (f * ω) 2 , and the current (f * ω) 2 is of bidimension (0, 0). 2. In the case X is a Kähler manifold, Theorem 1 is proved In [Iv1] . 3. In Section 5, we show by an counterexample that Theorem 1 is not valid in general when dimX ≥ 3.
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Estimates of areas of sections
Let h be a hermitian metric on a complex manifold X, and let ω be the (1, 1)-form canonically associated with h. Metric h (and form ω) is called pluriclosed (or dd c -closed) if dd c ω = 0. By [Ga] , every compact complex surface admits a pluriclosed metric form. For f : D 2 −→ X a meromorphic map, we denote by A f ⊂ D 2 (r) the set of points of inderterminacy of f . Consider the current
where t αβ f are distributions on D 2 , smooth on D 2 \A f . A complex manifold X is called disc-convex if for every compact set K ⋐ X there exists another compact setK such that for every analytic disc ϕ : D → X, with ϕ(∂D) ⊂ K, one has ϕ(D) ⊂K. Note that compact manifolds and Stein manifolds are disc-convex. More generally, each 1-convex manifold is disc-convex.
Proposition 3. Let F be a family of meromophic mappings from D 2 to a disc-convex manifold X, which admits a pluriclosed metric form. Suppose that for some 0 < ǫ < 1, the family F is holomorphic and equicontinuous on R 2 (ǫ, 1). Then for every 0 < r < 1, areas of graphs of restrictions Γ f ∩(D z 1 (r) × X) of f to the discs D z 1 (r) = {z 1 } ×D(r) are uniformly bounded in z 1 ∈ D(r) and f ∈ F .
Proof. The proof will be done in three steps. First two we shall state in the form of a lemma.
Proof. Note that the family of smooth forms
Functions a f are well-defined and smooth on D\π(A f ), where π : D 2 −→ D is the canonical projection on the first factor. The condition that dd c T f = 0 implies, in particular, that
Now we can estimate the Laplacian of a f on D\π(A f ). We have
Since T f is smooth in a neighborhood of D × ∂D, φ f are smooth in the whole unit disc
Since a f is positive on D\π(A f ) and ψ f is smooth on D, h f is bounded from below on D. Also ∆h f = 0 on D\π(A f ). Therefore h f extends to a superharmonic functions on
Lemma 2. Under the hypotheses of Proposition 3, the family t
, for every 0 < r < 1.
where φ f is a smooth function on D. Moreover from (2.3) we see that the family φ f is equicontinuous. Fonction h f given by (2.5) is superharmonic in D and harmonic on D\π(A f ). Therefore
where c j > 0. Therefore, we can rewrite (2.5) as
f,ǫ is the smoothing of t 22 f by convolution. Since
Using (2.5), we obtain Remark 2. This lemma can be proved also using the Oka-type inequality from [F-S].
End of the proof. We denote byf the mappingf (z) = (z, f (z)) into the graph Γ f . Fix some 0 < r < 1. The area of Γ f ∩ (D z 1 (r) × X) is given by
According to Lemma 2, a f are uniformly bounded. Therefore, the areas of Γ f ∩(D z 1 (r) × X) are uniformly bounded in f and z 1 . The proof of Proposition 3 is complete.
Estimates of volumes
In this section we shall prove the Proposition 1 stated in Introduction. Along the proof, we shall crucially use the following results of Barlet (see [Ba1] and [Ba2] ). We recall that a striclty q-convex function ρ on the complex space X with dimX = N is a real valued C 2 -function such that the hermitian matrix consisting of the coefficients of the (1, 1)-form dd c ρ has at least N −q +1 positive eigenvalues at all points of X. The complex space X is called q-complete if it admits a strictly q-convex exhaustion function ρ: X −→ R + , q 1. Note that, in the case q = 1, X is Stein.
B1. Let C be a q-dimensional compact analytic subspace of a complex space X. Then C admits a fundamental system of (q + 1)-complete neighborhoods.
B2. Let X be a (q + 1)-complete complex space and let ρ : X → R + be a strictly q-convex function. Let h be some C 2 -smooth hermitian metric on X. Then there exists a hermitian metric h 1 on X and a function c :
] is strictly positive on X.
Here ω h is the (1, 1)-form canonically associated with h. A (q +1, q +1)-form Ω is called strictly positive if for any x ∈ X and linearly independent vectors v 1 , ..., v q+1 ∈ T x X one has Ω x (iv 1 ∧v 1 , ..., iv q+1 ∧v q+1 ) > 0.
It should be noted that Enriques-Kodaira classification of compact complex surfaces implies that if a compact surface X contains an infinite number of rational curves, then X is projective and, in particular, Kähler, (see [BHPV] ). Theorem 1 for Kähler manifold was proved in [Iv1] . Therefore, in our proof we can suppose that our surface X contains at most finite number of rational curves.
We need to prove the uniform estimate of volumes of Γ f
If the result is false, then there exists a sequence f n ∈ F of meromorphic mappings from D 2 to a compact complex surface X holomorphic on R 2 (ǫ, 1) such that
3 Taking a subsequence we can suppose that Γ fn converge in Hausdorff metric on compacts subsets in D 2 × X to a closed set Γ.
Since f n (∂D 2 ) are homologous to zero in X for every n, f (∂D 2 ) is homologous to zero in X . Therefore f extends meromorphically to D 2 , see Lemma 2.5 in [Iv2] . So we
, f is holomorphic in a neighborhood of z 0 , then we can find neighborhoods U ∋ z 0 and V ∋ y 0 = f (z 0 ) such that f (Ū)∩∂V = ∅. But then, for enough large n, f n (Ū ) ∩ ∂V = ∅. Let i : V −→ V ′ be an isomorphism onto the bounded open set in C N . Now i • f n : U −→ V ′ is a sequence of holomorphic mappings of U into V ′ . So we can find a convergent subsequence. Therefore, the graph of the limit must coincide with Γ f ∩ (U × V ).
We can suppose that
\Γ f then there exists a rational curve C x containing x. Indeed, if (z n , x n ) ∈ Γ fn converge to (0, x), then by to Proposition 3, area(f n (∆ zn )) is uniformly bounded. By Bishop's Theorem (see for example [St] ), we can assume, after passing to a subsequence, that f n (∆ zn ) converge to f (D 0 ) ∪ C, where C is a finite union of rational curves, see Lemma 10 in [Iv3] .
The only possibility is that (0, x) ∈ C. Since the number of rational curves in X is finite, we see that
2 × W is also 2-complete. We apply Barlet theorem [Ba2] , by taking ρ to be strictly 2-convex exhaustion of D 2 × W in order to have a strictly dd c -exact (2,2)-form Ω on D 2 × W . Let τ be a fixed (1,1)-form of class C 2 such that dd c τ = Ω. We can suppose that τ ∈ C 2 (D 2 × W ), i.e, τ is smooth up to the boundary. Hence,
where the constant C does not depend on f n . Because f n converge on compacts subsets outside of zero, d c τ is of class C 1 on D 2 × W, which is a contradiction. The proof of Proposition 1 is complete.
Proof of Theorem 1
Now we prove Theorem 1. If we proceed by contradiction. Then, there exists a sequence f n ∈ F of meromorphic mappings from D 2 to a compact complex surface X holomorphic on H 2 (ǫ) such that
According to [Iv2, Theorem 1] , f extends to D 2 \A, where A is discrete. Take s 0 ∈ A and let S 3 s 0 (r) be some euclidean sphere centered at s 0 such that S
is homologous to zero in X, for n ≥ 1, f (S 3 s 0 ) is homologous to zero in X. According to [Iv2] , this implies that f extends onto the ball B s 0 with ∂B s 0 = S 3 s 0 . Therefore, by [Iv1, Proposition 1.1.1], f n −→ f on compacts subsets of D 2 \A f . An application of Proposition 1 applied to f gives a contradiction.
Proof of Proposition 2
Let {f n } be a sequence of meromorphic mappings from D 2 to a complex compact surface X. Let us recall the following definitions from [Iv1] . Definition 1. We say that {f n } converges strongly (s-converge) on compacts subsets in D 2 to a meromorphic map f :
Here H − lim denotes the limit in the Hausdorff metric.
Definition 2. We say that a sequence of meromorphic mappings f n : D 2 −→ X converges weakly (w-converge) on D 2 to a meromorphic map f :
Proof of Proposition 2. Let f n : D 2 −→ X be a sequence of meromorphic mappings f n from D 2 to compact surface X converging weakly in D 2 to a meromorphic map f :
Without loss of generality we can suppose that A = {0}. We shall prove that, for every compact
i.e., the sequence of graphs Γ fn ∩ (K × X) converges in the Hausdorff metric to the graph of the limit. We have earlier proved that Vol (Γ fn ) are bounded. Therefore, there exists a subsequence, (still denoted by Γ fn ∩ (K × X)), which converges to Γ = Γ f ∩ (K × X) ∪ ({0} × X) .
We have already proved in the proof of Proposition 1 that if x ∈ Γ\Γ f , then there exists a rational curve C ∋ x. Since X is not Kähler compact surface it contains at most a finite number of rational curves, which is a contradiction. Therefore Γ = Γ f .
Example
In general, if the manifold X is of dimension bigger than two, Theorem 1 doesn't hold true. Consider metric form on a Hopf manifold X n = (C n \ {0}) / (z ∼ 2z) of any dimension n ≥ 2 defined by
We use the following notations: (dz, dz) = dz 1 ∧ dz 1 + ... + dz n ∧ dz n , (dz, z) = dz 1 ∧z 1 + ... + dz n ∧z n and (z, dz) = z 1 ∧ dz 1 + ... + z n ∧ dz n . Example 1. Consider holomorphic maps f n : B 2 −→ X 3 defined by f n (z 1 , z 2 ) = z 1 , z 2 , 1 n . So, {f n } is equicontinuous on R 2 (ǫ, 1), for any ǫ > 0. But as n −→ ∞, Vol (Γ fn ) −→ ∞. Indeed, if z ′ = (z 1 , z 2 ), then
(f * n ω) 2 =
